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1 Introduction 



The interest to three-dimensional supersymmetric field models is partly motivated by 
recent achievements in constructing field theories modelling multiple M2 branes (see, e.g., 
[H EJ El H] ) . These are three-dimensional superconformal field theories of Chern- Simons 
gauge fields interacting with matter in a special way such that superconformal invariance 
and Af = 6 (or even Af = 8) extended supersymmetry are respected. There is very 
significant progress in studying correlation functions and scattering amplitudes in the 
ABJM-like models (see, e.g., recent papers [SI El El E]), but the problem of low-energy 
effective action in such theories is still purely understood. One of the subtle questions in 
defining the low-energy effective action in the ABJM theory is how to separate the light 
and heavy degrees of freedom when the scalar fields acquire some vacuum. Indeed, in 
[9] it was shown that the Higgs mechanism for the ABJM-like models works differently 
from the standard case of SYM-matter models. Once the scalar fields acquire some vevs, 
this novel Higgs mechanism turns the ABJM action into the Af = 8 SYM model with 
higher derivative corrections. So, one is forced to study the effective action in the three- 
dimensional extended SYM models [TQl [11] rather in the ABJM model itself. 

The Chern- Simons fields in the ABJM action make the M2 brane description very el- 
egant because the supersymmetries, R-symmetry and conformal invariance become quite 
explicit [T3] . However, these fields are non-dynamical and can be, in principle, elimi- 
nated by fixing the gauge symmetry. Once the gauge symmetry is fixed, one is left with a 
three-dimensional non-linear supersymmetric sigma-model in which the symmetries of the 
M2 brane become non- manifest. Quantum aspects of such a sigma-model (and, in par- 
ticular, low-energy effective action) can be investigated by standard methods of quantum 
field theory. 

Keeping these motivations in mind, we initiate the studies of low-energy effective action 
in M = 2, d = 3 supersymmetric sigma-models. In the present paper we restrict ourself to 
the model with one chiral superfield $ which is described by the following general action 

s = - J d 3 xd 4 e ®)-(J dZxd2 ° W (®) + c - c -) • (i-i) 

Here K(<&, $) is the Kahler potential and is chiral potential. The sigma-model case 

corresponds to W = 0, but we keep it non- vanishing for the sake of generality. Another 
particular case with 

K WZ = <M>, Wwz = ^ 2 + V + (1.2) 

corresponds to the classical action of Af — 2, d — 3 Wess-Zumino model. 

The aim of this paper is to study some aspects of superfield quantum effective action 
in the model under consideration. In general, the effective action is extremely complicated 
non-local functional of background superfields. To be more precise, we are interested in 
the local part of the quantum effective action in the model (11. ip which is described by 
the effective Kahler and chiral potentials, 

r = -J d 3 xd A 6K ca (<$>,§) - (J d 3 xd 2 9W cS (<S>) + c.c?J . (1.3) 
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All non-local terms or the terms with derivatives of background superfields are out of 
our approximation^ In the present paper we compute both one- and two-loop quantum 
corrections to K e g and W e s and briefly discuss the application of these results to the 
three-dimensional Wess-Zumino model. In particular, effective scalar potential in the 
Wess-Zumino models is found. 

The effective Kahler and chiral potentials for the four- dimensional analog of the model 
(PJ were studied in [131 US H3 HBl HSl 1201 12U 1221 12S 120] ■ In these papers it was 
shown that the quantum divergences appear only in the sector of the effective Kahler po- 
tential while the effective chiral potential is finite. These results are in complete agreement 
with the non-renormalization theorem [27J EE] which applies for the three-dimensional 
models as well. In the present work, for the three-dimensional general chiral superfield 
model we show that UV divergences appear only in the Feynman graphs contributing to 
the effective Kahler potential while the effective chiral potential UV finite. Such finite 
quantum corrections in the chiral sector arise only in the massless case. 

We point out that the effective Kahler potential in the J\f = 1, d — 3 scalar superfield 
model was studied in [2U HE2 ETJ • In the present work we extend some of the results of 
these papers to the J\f = 2 supersymmetric case. 

The rest of this paper is organized as follows. In Sect. 2 we find one- and two-loop 
quantum contributions to the effective Kahler potential while similar computations for 
the effective chiral potential are given in Sect. 3. In Sect. 4 we apply these general results 
for obtaining effective scalar potential in the J\f — 2, d — 3 Wess-Zumino models. The 
details of computations of Feynman graphs contributing to the effective Kahler and chiral 
potentials are given in the Appendices. 

Throughout this work we employ the M = 2, d = 3 superspace notations from [TUt ITT]. 



2 Effective Kahler potential 

Within the loop expansion of the effective action the effective Kahler potential can be 
represented by a series 

K cS = K + + K {2) + ... , (2.1) 

where K is the classical Kahler potential and correspond to one- and two-loop 

quantum contributions. The dots stand for higher loops. In the present paper we restrict 
ourself to the two-loop approximation. 



2.1 One-loop contributions 

Let us split the superfield $ into the "background" $ and "quantum" parts, $ — > $ + (f>. 
For computing the one-loop effective action it is sufficient to expand the classical action 
(11. ip up to the second order in quantum superfields, 

s = - J d 3 xd 4 e[^ 2 K'^ + \fK'-^ + MK'ld - d 3 xd 2 e l -tfw"{<$>) + c.c)j + . . . , 

(2-2) 

1 It means that all possible derivative dependent or space-time non-local contributions to effective 
action are systematically neglected. 
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where dots stand for higher order terms with respect to the quantum fields. For computing 
K e g($, $) it is sufficient to consider constant background fields, 



LL$ = 



LL$ = 



(2.3) 



In this case the terms involving K§§ and K'^ in (12. 2p vanish. 
The one-loop effective action is given by 



= -Trlnif . 
2 



(2.4) 



where H is an operator which defines the part of the action which is quadratic with respect 
to the background superfields, 



H 



-W" 
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-K"-D 2 



W" 



We represent this operator as a sum of two terms, 



H = H + Hi , H = 
and expand the logarithm in (12 .41) 







±K"-D 2 



±K"-D 2 



#1 



-W" 
W" 



r« = ^Tr In H + '-Tr £ ^—{H^H.y . 



n=l 



n 



(2.5) 



(2.6) 



(2.7) 



For the constant background fields, the first term in the rhs of ( 12. 7ft reads 
^Trlntfo = ^Trlntf 2 = ^Tr + ln((i^) 2 D) + c.c. 

Here Tr + denotes the functional trace over the chiral superfields. The box operator in the 
rhs in (12. 8ft originates from the identity 



(2.1 
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(2.9) 



which holds for any chiral superfield $ and follows from the anticommutation relations of 
the Grassmann derivatives, {D a ,Dp} = —2id a/ 3. 
Using the inverse operator 

1 D 2 

H. 1 





1 D 2 



4 K" = n 

<]>$ 



4 K'= □ 







for the second term in the rhs of (12.71) we get 



(2.10) 



\n+l 



1 WD 



ii f)2 \ n 



n=l 



n 



1 W"D 2 



4 K",a 



\n+l 



n=l 



n 
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+ c.c. 
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□ 



A"' 



□ 



(2.11) 



Combining (12. 8p and (12. lip together, we get the following formal expression for the one- 
loop effective action 

r (1) = ^Tr+ ln(D + M 2 ) + c.c. , (2.12) 



where the effective mass squared is 

W" 2 

(2.13) 



M 2 



K" - 



The functional trace over chiral superfields in (I2.12p can be written explicitly as 

Tr+ ln(D + M 2 ) = / d 5 Zl d 5 z 2 5+(z 2 , z x ) ln(D + M 2 )5+(z u z 2 ) . (2.14) 



To compute this expression we apply the following identity for the chiral delta-function, 

1 D 2 D 2 1 - 

5+(z 2 ,z 1 ) = — - 6 + (z 2 ,z 1 ), 5+(z 1 ,z 2 ) = --D 2 5 7 (z 1 - z 2 ) . (2.15) 

Then, we restore full superspace measure using the extra D 2 -operators, 

d 7 z = --D 2 d 5 z, (2.16) 

and integrate by parts the _D 2 -operator, 

Tr + ln(D + M 2 ) = J ^z^—D^—D^i—D^) (2.17) 

x y\z 2 - z x ) ln(D + M 2 )5 + ( Zl , z 2 ) 

= j d 7 z 1 d 7 z 2 (~Df 1) )^5 7 (z 2 - zi) ln(D + M 2 )8+(zi,z 2 ) 

= j d 7 Zl d 7 z 2 5 7 (z 2 - Zl ) ln(D + M 2 )(~Df 1) ){~D 2 (1) )^8 7 (z 1 - z 2 ) . 

Now, using standard identity 

~ 9 2 )^-D 2 D 2 6 7 (z 1 - z 2 ) = 5 7 { Zl - z 2 ) , (2.18) 
Id 

we integrate over one set of Grassmann variables, 

Tr + ln(D + M 2 ) = J d 3 Xl d 3 x 2 d 4 9 - x 2 ) ln(D + M 2 )^5 3 (x 2 - . (2.19) 
Passing to the momentum space, we compute the momentum integral, 



d 3 p 1 / M 



i 



In 1 = —\M\ . (2.20) 

(2tt)V V V 2 J 2tt' 1 V ; 

As a result, we get the following answer for the one-loop Kahler potential, 

**'<••*> = sM = sS- (2 - 21) 

We point out that the one-loop effective action is finite because only two-loop UV quan- 
tum divergences can appear in three-dimensional field theories. Hence, ( 12.21 j) is a finite 
renormalization of the classical Kahler potential in ( 11. ip . 




A B 



Figure 1: Topologies of two-loop Feynman graphs. 
2.2 Two-loop contributions 

The two-loop Feynman diagrams involve three- and four-point vertices, see Fig. 1. There- 
fore it is sufficient to expand the classical action up to the fourth order in quantum 
superfields, 



S = S 2 + S int + ..., (2.22) 
S 2 = - j d 3 xd 4 6K^0- (J d 3 xd 2 6^W"4> 2 + c.c^j , (2.23) 

~(\J d 3 xd 2 9[W"'(l> 3 + ^ { V] + c.c)j . (2.24) 

In this decomposition we assume that the background fields are constant, (12. 3p . Therefore 
we omitted the terms involving D 2 K^J and D 2 K^ since they do not contribute to the 
effective Kahler potential. 

The quadratic action (12.231) defines the propagator which can be explicitly written for 
the constant field background, 



G ++ (z u z 2 ) G + -(z!,Z2) \ _ ( (/^) 2 n+AP 6 +( z ~ii z 2) ~iK'^ n+AP D26 -( z ^ z i) 
G-+(z u z 2 ) G—(z u z 2 ) J ~ \ - J„ i 2 D 2 5 + (z 1 ,z 2 ) - JT )2 D * M2 5-(z u z 2 ) 

(2.25) 

The interaction vertices can be read from (I2.24H . 

We follow standard procedure of computing the two-loop Feynman diagrams in super- 
symmetric field theories [28]. Each line at Fig. 1 corresponds to one of the elements of 
the matrix propagators ( I2.25[) . Each vertex can be either (anti)chiral, e.g., 

or, non-chiral, e.g., 
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Each non-chiral vertex has extra D 2 or D 2 operator in comparison with the chiral one. 
As a consequence, there are many combinatoric possibilities with these propagators and 
vertices to construct the two-loop diagrams shown at Fig. 1. However, not all these 
diagrams contribute to the effective Kahler potential. Only those diagrams are eligible 
which have specific number of the D 2 and D 2 operators which are necessary for restoring 
full superspace measures at each vertex using (I2.16P and then applying the identity (I2.18P 
for each loop. Analyzing the diagrams of topology A at Fig. 1, one can see that only one 
such diagram contributes, 



2 / ^ b z id b z 2 d b z 3 d b z^ S^2^ 2 (zx, z 2 , z 3} z±)G + -(zi, z 2 )G + -(z 3} Z4) . 



(2.29) 



Here is the fourth variational derivative of the classical action written explicitly 
in flA.lj) . Among the diagrams of the topology B contributing to the effective Kahler 
potential, there are five various terms, 



B 2 



B 3 



B± 



B 5 



— — J d 5 zid 5 z 2 d 5 z 3 d 5 z^d 5 z$d 5 zq S^ 2 (zi, z 2 , zs)S^(z4, z§, zq) 
xG ++ (zi, z±)G — \-(z 2 , z 5 

[ z 3, z &) 5 

— — j d 5 z\d 5 z 2 d 5 'z 3 d 5 z^d 5 z$d 5 z% S^(zi, z 2 , zs)S^}(z4, z§, z§) 

xG- + {Zl, z 4)G- + (z 2 , Z§)G — \-{Z3, Zq) , 

~~ I ^ Z^d? Z§d b Zq "S^lp^lj z 2, Z 3)S^2§ { z 4, z 5, z §) 
y -G ++ {z\, Z^)G — \-\Zii z b)G {Z 3 , Zq) , 

— — J d 5 zid 5 z 2 d 5 Z3d 5 Zid 5 z^d 5 ZQ S^ 2 ( z i, z 2, Z 3)S^2^,( Z 4, z 5, z e) 



XG_| — [Zi, Zq)G~ + (z 2 , Z$)G — |_(Z3, Z4) 

1 

~2 

XG?_+(«i, z i)G^ + (z 2 , Z 5 )G^^(z 3 , Zq) . 



d 5 Zid 5 z 2 d 5 z 3 d 5 z A d 5 z 5 d 5 Zq S^ 3 (zi, z 2 , z z)S^ 2 ^{z^ z 5 , zq) 



(2.30) 
(2.31) 
(2.32) 
(2.33) 
(2.34) 



The details of the computations of ( 12.29l) -( |2.34l) are given in the Appendix IA.ll The 

(2) 

resulting two-loop contributions to the Kahler potential K c ^ can be written as the sum 
of the divergent and finite parts, 



where 



K 



(2) 
div 



K 



(2) 
fin 



647r 2 e 
1 

32^2 



\K'^ 2 W"\ 2 



K 



W"\ 2 



div 



1 \W"'\ 2 

+ 77- 



'(2) 
L fin ) 



K'^W"'W" + K'^W"W"' 



(2.35) 



(2.36) 



(4) 



1. , M 2 , 
-- 7 + In— , 

o /j, z 



+ 2(7 + ln^) 



\w 



l/f\2 



n 3 3 , M * 
- (1 + -7 + - n — 

y 2' 2 jj 2 ' 



\K'^ 2 W"\ 2 



$$7 



(2.37) 



where M 2 = \W"\ 2 /(K'^) 2 , fi 2 is a normalization point and e is the parameter of dimen- 
sional regularization, d = 3 — 2e. 

3 Effective chiral potential 

3.1 General properties 

For the four-dimensional M = 1 supersymmetric field theories the non-renormalization 
theorem says that any contribution to the effective action can be represented by an ex- 
pression in the full superspace (see e.g. [27] 128]). 

Jd 4 em$), (3.i) 

with /($,$) being some function of superfields (with or without derivatives). One can 
easily check that all steps of proof of this theorem and general conclusion remain to be 
true for the M = 2, d = 3 models as well. 

Naively, one can think that (13.11) forbids any quantum contributions to the chiral 
effective potential W e g, but it is well-known for the four- dimensional chiral superfield 
model [171 US US EQl EH [22] that the effective action acquires finite quantum corrections 
in the full superspace of the form 

J d*9m(-^g($), (3.2) 

which do not contradict the non-renormalization theorem. Here / and g are some func- 
tions. In the present section we demonstrate that for the three-dimensional chiral su- 
perfield model the two-loop Feynman diagrams also contain the terms of the form (13.21) 
which result in the contributions to the chiral effective potential, 

J d 3 xd 4 9f($) (-^ g(d>) = J d 3 xd 2 6f(<S>)g(<!>) . (3.3) 

It is important to note that the terms in the effective action like ( 13 .2p can appear 
only in massless models. Indeed, the propagator in a massive model involves the operator 
(□ + m 2 )~ l instead of D -1 . As a consequence, in the massive model the relation (13. 3p 
gets modified as 

/ Ad '° /( *> (-spr^j ) 9($) = / Sxse m (dy m • <3 - 4) 

but this expression vanishes in the limit of slowly varying fields unless m — 0. Hence, 
a non-trivial chiral effective potential may be present only in the massless theory. This 
conclusion is completely analogous to the one for the four-dimensional M = 1 chiral 
superfield model [191 EH (2H [22] . Therefore, in this section we assume that the chiral 
potential in the classical action ( II. ip obeys the constraint 

W"\^ =0 = . (3.5) 



7 



It is important to note that for deriving the terms like (13. 2p we cannot employ the 
constant field approximation any moreH The background chiral superfield $ should be 
arbitrary throughout the computations while the anti-chiral one can be freely sent to zero, 



Only after computing all momentum integrals and passing to the chiral subspace using 
(13. 3p . one can apply the constant field approximation to single out the contributions to 
the chiral effective potential. 

3.2 Analysis of possible Feynman diagrams contributing to chi- 
ral effective potential 

The relation (13.31) shows that only those Feynman diagrams contribute to the chiral ef- 
fective potential which contain one D 2 operator on the external lines after performing 
all the .D-algebra and one D _1 operator after computing the momentum integrals. First 
of all, we point out that the one-loop diagrams cannot contribute to the effective chiral 
potential as soon as the corresponding momentum integral yields only the odd power of 
external momenta \p\ = \/p m Pm, 



Because of (12. 9p . the D-algebra produces only even powers of momenta, p 2n . Therefore, 
for the rest of this section we will consider two-loop diagrams only. 

As in the previous section, we split the chiral field $ into the "background" $ and 
"quantum" parts, $ — > $ + <p, and consider the decomposition of the classical action 
(II. ip up to the fourth order in the quantum superfields (c.f. (I2.22I) - (I2.24I) ). 

S = 5*2 + S^nt,! + 5i nti 2 + Si nti 3 + . . . , (3-8) 



$ = 0, 



$ is arbitrary. 



(3.6) 




(3.7) 




(3.9) 



Si 



'int,l 



2 



1 



/ 



Si 



Si 



'int,3 



'int,2 




2 Recall that the propagator (|2.25p was derived in the constant field approximation. 



8 



Full superspace 


Antichiral vertices 


Chiral vertices 


K {3) - 6 2 6 




^(3) 
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W"6 2 












K {3) 6 2 6 




^(3) 
IX $2$ 


v V UJ 


WW 




W" 








— < i — 


iy $,2$2Y y 




(-lD 2 K'^)(b 2 




W^ 4 )0 4 














{-\D 2 K'i. A y^ 










(-^ 2 4 4 i)0 4 







Table 1: Graphical representations of the vertices which are relevant for two- loop com- 
putations. Thick lines stand for the expressions depending on the background superfields 
while the thin ones mean the quantum superfields. 

We point out that, owing to (13. 6p . all derivatives of K and W, W in this expansion 
are considered at vanishing antichiral background field <£>. Therefore all these factors are 
chiral. 

The action S2 is responsible for the propagator, 

(0(*)0(z')> = G (z, z) = --L.¥8 + (z, z') = ^jr^S 7 (z ~ A ■ (3-13) 

Note that this propagator contains four Grassmann derivatives on the delta-function while 
the propagators (00) and (00) are traded for the corresponding vertices]^ This restricts 
the number of possible Feynman diagrams with these propagators. 

The actions (13.101) . ( 13.111) and ( 13.121) are responsible for the vertices which are relevant 
for two-loop Feynman graphs. We use the graphical representations of these vertices 
according to Table [TJ It is convenient to distinguish these vertices with respect to the 
type of superspace over which they are integrated (chiral, antichiral or full J\f — 2, d — 3 
superspace). Let us comment on each of these types in more details. 

The action S^i yields the vertices in the full superspace which involve i^^ 3 2 ^0 2 0, 

4 3 40 2 0, < 4 i 2 2 2 , lK%^ Y and IK^y- Such vertices bring extra D 2 or D 2 
operators as compared with the (anti)chiral vertices, see, e.g., (I2.27P and (I2.28p . These D 2 - 
operators can hit both external and internal lines in a diagram. Once they hit the external 
lines, they do not affect the loop momenta any more. In fact, we need to consider only 

3 The terms in the actions (|3.11j) . (|3.12|) containing <f> 2 and (p 2 are treated as vertices rather than the 
propagators for the quantum fields. 
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those diagrams which have only one D 2 operator on the external lines that is necessary 
for chiral contributions due to (13. 3p . If these operators hit the internal lines, they either 
can be used to restore full superspace measure (12.161) or increase the superficial degree of 
divergence of the diagram owing to the D-algebra (12.91) . In the following, by n\ we denote 
the number of vertices in a Feynman diagram corresponding to the action S^i. 

The action Si n t,2 contains chiral and antichiral vertices. Note that the chiral vertices 
bear the D 2 operators on the external lines, but we need D 2 operator to apply the identity 
(I3.3p . Hence, we can neglect all the chiral vertices given in the first line of (13.111) and 
consider only the antichiral ones in the second line. By n 2 we denote the number of 
vertices corresponding to the second line of ( 13.111) in a Feynman diagram. It is clear that 
a diagram contributing to the chiral effective potential should contain no more than one 
such vertex, n 2 = or n 2 = 1. 

The action 5^,3 is responsible for the (anti) chiral vertices without D 2 or D 2 operators. 
Denote the number of such vertices by n 3 . 

Our aim now is to analyze the two- loop diagrams at Fig. 1 and to fix the numbers n\, 
n 2 and n 3 which correspond to non-trivial contributions to the chiral effective potential. 
The strategy of our considerations is as follows: 

• Draw all admissible two-loop diagrams with the propagator ( 13.131) and with the 
vertices given in Table [H 

• Restore full superspace measures at all (anti) chiral vertices using the Grassmann 
derivatives from the propagators; 

• All other Grassmann derivatives can be integrated by parts producing a number of 
different terms, but we need to consider only those of them which contain exactly 
two derivatives D a on the external lines; 

• Two operators D 2 D 2 are eaten by the identity (12. 18j) (by one for each loop); 

• The remaining Grassmann derivatives generate the internal momenta which in- 
creases the superficial degree of divergence of diagrams; 

• Only those diagrams are eligible in which the momentum loop integrals produce the 
power of external momenta as p~ 2 . Then, upon application of the identity (13.31) . 
this diagram contributes to the effective chiral potential. 

3.2.1 Diagrams of topology A 

The diagrams of topology A at Fig. 1 have one of the following quartic vertices, K^}^ 2 (f) 2 (f) 2 , 
1^ 4 3$0 3 0, lK { ^(f) 3 (f), fr(-±D 2 )K$, 4 H/( 4 ) or 4 W/( 4 ). Consider a Feynman graph of 
this topology which involves n 2 vertices with 4> 2 ( — ^D 2 )K'£ 2 and n 3 vertices with <f) 2 W" . 
Recall that there is no antichiral <p 2 W" vertex since it vanishes for the considered back- 
ground (I3.6P in the massless theory. Clearly, this diagram should have n 2 + n 3 + 2 prop- 
agators ( I3.13P each of which brings the operator D 2 D 2 \Jr 1 . 

The non-chiral vertices K^^^ 2 ^ 2 , ^K^^ 3 ^, ^K^^(j) 3 (j) are integrated over the full 
superspace. Therefore, we need to restore the full superspace measure only for the n 2 
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antichiral vertices with <j) 2 (—jD 2 )K'^ 2 and for n 3 chiral vertices with <fi 2 W" with the help 
of the .D-operators which are present in the propagators. Moreover, doing integration 
by parts we have to collect 1 — n 2 operators D 2 on the external lines which are required 
for the identity (13. 3p . For each loop we have to apply the identity (I2.18P which eats the 
D 2 D 2 operator. As a result, we are left with (ri 3 + n 2 — 1) operators D 2 and with n 2 
operators D 2 . We cannot put any more Grassmann derivatives on the external lines as we 
wish to get the chiral effective potential. Hence, all these Grassmann derivatives should 
recombine into the internal momenta which means that there should be equal numbers of 
D 2 and D 2 operators, n 3 + n 2 — 1 = n 2 . As a result, the eligible diagrams have only n 3 = 1 
vertices <fi 2 W" . But for the number n 2 the only possibility is n 2 = 1 sine for n 2 = the 
two-loop diagram with the only external line vanishes automatically. After using all the 
-D-operators from the propagators as is described here, we are left with one D 2 and one 
D 2 which produce one □ operator in the nominator, but four box operators stand in the 
denominators of four propagators. The resulting momentum integral is something like 

d 3 k\d 3 k 2 k\ q 



k\k\{k x + p) 2 (k 2 + pf 



ocp u , (3.14) 



but we need p~ 2 — > D -1 to apply ( I3.3p . Hence, the diagrams with K^l^cf 2 ^ 2 , ^K^^(j) 3 ^), 
§-^its00 3 vertices do not contribute to the effective chiral potential. 

Consider a diagram with 4 (— ^D 2 )K^} vertex which is integrated over the antichiral 
superspace. Here we already have one D 2 on the external line, hence no vertices with 
(p 2 (—\D 2 )K'^ 2 are allowed, n 2 = 0. Since we have only (00) propagators but neither (00) 
nor (00) , the only possibility to build the diagram of the topology A is by attaching one 
<f) 2 W" vertex for each loop, i.e., n 3 = 2. ^From four propagators we take one D 2 operator 
and two D 2 operators to restore the full superspace measure at each vertex and we are 
left with unbalanced number of such operators leading to the null contribution for the 
effective chiral potential. 

Consider now a diagram with the quartic vertex 4 H / ( 4 - ) . It is easy to see that such 
a diagram should have at least two (p 2 (—\D 2 )K'^ 2 vertices because we have only (00) 
propagator. But this leads to two D 2 operators on the external lines while we need 
only one to apply ( 13. 3p . Hence, such diagrams do not contribute to the effective chiral 
potential. 

Finally, we have to consider a diagram with the 4 W r ^ quartic vertex. Assume that 
it involves also n 2 vertices with (j) 2 (—^D 2 )K^ 2 and n 3 vertices with <fi 2 W" . Clearly, there 
are n 2 + n 3 + 2 propagators each of which brings the \3~ 1 D 2 D 2 operator. We need to 
put on the external lines 1 — n 2 operators D 2 to satisfy (13.31) . To restore full superspace 
measure, we need also n 2 + 1 operators D 2 and 713 operators D 2 . One D 2 D 2 operator is 
eaten by each loop because of the identity (I2.18p . As a result we are left with n 2 + n 3 — 2 
operators D 2 and n 2 operators D 2 . These numbers should be equal since we cannot put 
these derivatives on the external lines, n 2 + 113 — 2 = n 2 . Hence, the only possibility is 
the diagram with n 2 = and = 2. The corresponding momentum integral has exactly 
right power of external momenta to apply (13.31) . 



/ 



d 3 k\d 3 k 2 7r 6 

(3.15) 



k 2 k 2 {p + hfip + k 2 ) 2 p 2 
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As a result, the diagram given at Fig. 2a can contribute to the effective chiral potential. 
3.2.2 Diagrams of topology B 

There are two non-chiral vertices K^^,<j> 2 4> and K^h^ 2< P which are integrated in the full 
superspace, two chiral vertices (p 3 W'", 4> 3 (—\D 2 )K'£ 3 and two antichiral ones, (p 3 W'", 
(f) 3 (-\D 2 )K^ 3 . Hence, there are many different possibilities to construct the two-loop 
diagrams of topology B with these vertices. Let us analyze all of them. 

Consider a diagram with two vertices in the full superspace, either K^^<p 2 4> or K^l^cf) 2 ^ 
and with n 2 vertices (f) 2 (—\D 2 )K'^ 2 and with n.3 vertices <fr 2 W". From the propagators 
we have 3 + n 2 + n 3 operators \3~ l D 2 D 2 out of which we use n 2 operators D 2 and ^3 
operators D 2 to restore full superspace measures. Two operators D 2 D 2 are eaten owing 
to the identity (|2.18p . one for each loop. And we need to put 1 — n 2 operators D 2 on 
the external lines to apply (13 .3p . As a result, we are left with n 2 + n 3 operators D 2 and 
with n 2 + 1 operators D 2 . These numbers should coincide, n 2 + n 3 = n 2 + 1, to produce 
the internal momenta in the corresponding power. Hence, n 3 = 1 and n 2 = or n 2 = 1. 
For both these values of n 2 , the momentum integral results in the same power of external 
momenta as in (I3.14p . But we need one D _1 after the integration over the loop momenta 
to apply (13.31) . Hence, the diagrams with only the full superspace cubic vertices do not 
contribute to the effective choral potential. 

Consider a diagram with one full superspace cubic vertex K^}^(j) 2 (f) or K^l^cf 2 ^ and 
one chiral cubic vertex <j) 3 W'". As contrasted with the previous case, we use one D 2 
operator to restore full superspace measure in the chiral vertex and we are left n 2 + n 3 
operators D 2 and n 2 operators D 2 . Hence, n 3 = and n 2 = or n 2 = 1. For both values 
of n 2 the momentum integral has insufficient power of momenta in the denominator to 
produce D _1 operator which is necessary for ([33]). The cubic chiral vertex (j) 3 {-\D 2 )K'£ 3 
can be considered in similar lines with the same negative conclusion. 

Consider a diagram with one full superspace cubic vertex K q> 2^4 >2 4 > or ^j>: l<$$' ''4> an d 
one antichiral cubic vertex <f) 3 W'" . In contrast with the previously considered case, to 
restore full superspace measure we need the D 2 operator instead of D 2 . Hence, after 
contracting Grassmann loops to points, we are left with n 2 + n 3 — 1 operators D 2 and 
n 2 + 1 operators D 2 . From the equation n 2 + n 3 — 1 = n 2 + 1 we get n 3 = 2 and n 2 = 
or n 2 = 1. Take, for instance, n 2 = 0, then we have five operators □ in the denominator 
and one □ in the nominator owing to the D-algebra. The resulting momentum integral 
gives exactly operator on the external lines which is necessary for the identity (13. 3p . 
The momentum integral gives the same power for n 2 = 1. Hence, both these diagrams 
bi and 63 at Fig. 2 can contribute to the effective chiral potential. Their calculation will 
be performed in the next subsection. Note that similar diagram with the antichiral cubic 
vertex 3 (— ^D 2 )K'£ 3 does not contribute. 

Let us analyze the diagrams with purely chiral or antichiral cubic vertices. Take a 
diagram with two cubic vertices <j) 3 W". Now we need to use two extra D 2 operators to 
restore full superspace measure in these vertices. As a result we are left with n 2 + n 3 
operators D 2 and n 2 — 1 operators D 2 . Comparing these numbers, we get n 3 = — 1 that 
is impossible. Therefore such diagrams do not contribute to the effective chiral potential. 

Take a diagram with one chiral cubic vertex (p 3 W"' and one antichiral one <f) 3 W'". 
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bi b 2 b 3 



Figure 2: Diagrams contributing to the effective chiral potential. 

After restoring full superspace measures at these vertices we are left with n 3 + n 2 — 1 
operators D 2 and n 2 operators D 2 . Comparing these numbers we get n 3 = 1 and n 2 = 1. 
The momentum integral yields the external momenta as p~ 2 and, hence, this diagram 
may contribute to the effective chiral potential. Such a diagram is given at Fig. 2 b 2 . 
However, similar diagram with the 3 (— \D 2 )K'^ 3 cubic vertex does not contribute. 

Consider a diagram with two antichiral vertices <j) 3 W"' which require two extra D 2 
operators for restoring full superspace measure. We are left with n 2 + n 3 — 2 operators 
D 2 and with n 2 + 1 operators D 2 . Comparing these numbers we see that n 3 = 3 and 
n 2 = is required since we have only (00) propagator. However, from six propagators 
we get six D _1 operators, but only one □ operator comes from the remaining D-algebra. 
The resulting loop momentum integral can produce D -2 instead of D -1 which is required 
for (13. 3p . Hence, these diagrams do not contribute to the effective chiral potential. Note 
that similar diagram with one 3 (— \D 2 )K'^ 3 vertex instead of 4> 3 W"' also gives vanishing 
contribution to the effective chiral potential. 

To summarize, we need to compute only the diagrams depicted at Fig. 2 to find the 
contributions to the effective chiral potential. 

3.3 Results for two-loop chiral effective potential 

Let us denote the contributions to the effective chiral potential from the supergraphs in 
Fig. 2 as 

^iff =W a + W bl + W b2 + W b3 . (3.16) 

Here the subscripts in the rhs label the contributions form the corresponding diagrams. 
The computation of these Feynman graphs is a standard routine in supersymmetric quan- 
tum field theory (28] with the only feature: In general, such diagrams give non-local con- 
tributions to the effective action, but we need to extract from them only the local pieces 
in the chiral sector which are relevant for the effective chiral potential. This procedure 
of extracting local parts from Feynman diagrams is usually referred to as the local limit 
|19[ [201 |2H |22]. Essentially, this is the limit when all the external momenta of a Feynman 
graph are sent to zero. We point out that only those Feynman graphs contribute to the ef- 
fective chiral potential which are finite in the local limit and for which this limit is unique. 
All the diagrams which are singular in the local limit should be systematically neglected 
as they are essentially non-local and do not contain local parts. As is demonstrated in 
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the Appendix A. 2, only the diagram a at Fig. 2 possesses unique and well defined local 
limit and contributes to the effective chiral potential as 



Wa ~ 512 {K'UY ■ (3 - 17) 

On the contrary, the diagrams b\, 62 and 63 do not have uniquely defined local parts and, 
hence, in accordance with the definition of chiral effective potential we have 

W bl = W h2 = W b3 =0. (3.18) 

All contributions form these diagrams to the effective action are essentially non-local and 
are out of our considerations. 

Note also that for the Wess-Zumino model (11 .2p all contributions to the effective chiral 
potential from the diagrams b±, b 2 and 63 vanish identically because K'^ 2 = K'^ 2q> = in 
this case. 



4 Effective potentials in the Wess-Zumino model 

The computations of the effective Kahler and chiral potentials are done for arbitrary 
classical Kahler and chiral potentials in the model (II. ip . Now we consider an application 
on these results for the three-dimensional Wess-Zumino model with K and W given in 
(11.21) . For simplicity, we restrict ourself to the case with 

m = 0, A = 0, (4.1) 

which corresponds to the scale invariant classical action. 

Consider the one- (I2.2ip and two-loop (12.371) contributions to the effective Kahler 
potential in the Wess-Zumino model, 



K« = **{l + -L- J^L A-ln^). (4.2) 
1 Stt 192vr 2 96vr 2 2/i 1 



The normalization point fi can be fixed from the condition 



d 2 K t 



cff 



(9$ 9$ 

which implies 



(4.3) 



$=(I> 0j (I>=cI) 



q o 2 (7 + 4) q 2 , o^n^o 

— + o + -^-^ In - = . 4.4 

8tt 192tt 2 192tt 2 2/i 

Expressing [i from this equation and substituting back into (14. 2 p we get 



a 2 - ( 

K eff = $$ + ^$$ 2 -In—- ) . (4.5) 
96tt 2 V. $o$o/ 
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Since for the Wess-Zumino model the following derivatives of the classical Kahler 
potential vanish, K'^ 2 = 0, i^|' 2$ = 0, only (13. 17j) contributes to the effective chiral 
potential, 

3 

W cS = ^-$ 4 - $ 4 . (4.6) 
cfi 24 2048 V ; 

Note that it is finite similarly as in the four-dimensional case [T7J [18j [191 120] • This 
quantum contribution means simply a finite renormalization of the coupling constant, 

9^ 9' = g(i - ^g 2 ) ■ (4.7) 

Once this shift is performed, all two-loop quantum contributions to the chiral potential 
are accounted by this coupling g' . In the rest of this section we will use g instead of g', 
for brevity, assuming that it already takes the quantum corrections into account. 

Let us study the effective scalar potential induced by the quantum corrections (14.51) . 
Consider only the constant scalar (p and auxiliary F fields, 

$ = y? + fl 2 F, $ = p-6 2 F. (4.8) 

Eliminating the auxiliary fields in the classical Wess-Zumino model gives scale-invariant 
scalar potential, 

Kiass = |:(w) 3 . (4.9) 

Analogously, elimination of the auxiliary fields in the effective action with the effective 
Kahler potential ( 14. 5 p yields the effective scalar potential, 

2 / 2 — \ 

V e g = —((fift) 3 (1-1 — — - In Jf^f— -f higher loop corrections ) . (4-10) 
36 V 967H Lp Lp ' J 

Qualitatively, this quantum correction to the effective scalar potential (14. 10p is similar to 
the one in the four-dimensional Wess-Zumino model 1251. 



5 Summary 

We studied the two-loop effective action in the three-dimensional general chiral superfield 
model which is described by the classical Kahler potential K($>, $) and chiral potential 
W / ($). In general, this model in non-renormalizable, but as a particular case it includes the 
three-dimensional Wess-Zumino models with K and W given in (11.21) which is renormal- 
izable. We are interested in the contributions to the effective action up to two-derivative 
order which are described in superspace by the effective Kahler potential K eS and chiral 
potential W e Q. 

At one loop order the effective Kahler potential receives only finite corrections (12.211) 
while the divergences start from two loops (I2.37p . Qualitatively, these two-loop results 
are analogous to the one-loop Kahler potential in the four-dimensional analog of the 
model (11. ip . [2H [22], [23j EH [25j [26] . In particular, for the three-dimensional Wess-Zumino 
model this effective Kahler potential reduces to ( 14.51) which corresponds to the effective 
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scalar potential (I4.10p . This quantum deformation of the classical scalar potential in the 
three-dimensional Wess-Zumino model is very similar to the four-dimensional case [28J. 

For the four- dimensional chiral superfield model it is well known that the effective 
chiral potential receives finite quantum corrections only in the massless case [J71 [JSJ 
I2TJI l2"Tj I2"2l |2"3T [21] . We show that this conclusion is also true for the three-dimensional 
chiral superfield model under considerations. The two-loop effective chiral potential in 
general chiral superfield model is given by ( I3.16P and (I3.17p . For the particular case of 
the Wess-Zumino model (11.21) . this effective chiral potential reduces to a finite shift of the 
coupling constant ( 14. 7ft . It is interesting to note that only the Feynman graph of topology 
A at Fig. 1 is responsible for this shift while in the four- dimensional case the effective 
chiral potential originates form the diagram of topology B [28] . 

A natural extension of the present considerations might by a study of two-loop effective 
action in three-dimensional Af = 2 supersymmetric electrodynamics and SYM theories 
with matter. 
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A Details of two-loop calculations 
A.l Two-loop effective Kahler potential 

Let us consider the computation of the contribution (I2.29P which originates from the 
diagram of topology A at Fig. 1. It involves the fourth variational derivative of the 
classical action, 

5^S 1 

^m^m^m = i^)^^)^^,^)]^^,^)^^,^) . (A.i) 

Using these delta-functions we integrate over z\ and z 2 , 

r A = -\J d%d 5 Z 3 Dl 2) [K% 2 (z 2 )5 + (z 2 ,Z 3 )}G + 4z 3 ,Z 2 )G+4z 3 ,Z 2 ) • (A.2) 

Now restore full superspace measure using (I2.16P and integrate over z 3 , 

?a = \J d 7 zKl% 2 G + 4 Zl z)G + 4z,z). (A.3) 
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The propagator G + _ is given in f |2.25[) . At coincident points we use the identity D 2 D 2 5 A (8i — 
6*2) |e»i=6» 2 = 16, and compute the momentum integral, 

1 1 



G+-(z,z) 



K'U □ + M 2 



5 (xi - x 2 )\ xl -_ 



K" - 



d 3 p 



(2n) 2 p 2 - M 2 



i \M\ 



(A.4) 



Recall that M 2 = \W"\ 2 /{K'',f. As a result 



32vr 2 



d 7 z 



K 



(4) 

$2<|>2 



II \2 



(A.5) 



Consider the computation of the contribution (I2.30p which comes from the diagram B 
at Fig. 1. The vertices in this diagram are given in f !2.26|) and (12 .28 p . We integrate four 
delta-functions in these vertices and restore full superspace measure using (I2.16p . 



i J d 7 z 2 d b z 4 K'^ 2 (z 2 )W'"{z 4 )G ++ {z 2 , z 4 )G- + {z 2 , z 4 )G- + {z 2 , z 4 ) 



(A.6) 



Note that, because of 8 + (zi,zi) = —\D 2 S J {z 1 — z 2 ), the propagators G + _ contain effec- 
tively four Grassmann derivatives while G ++ only two. We use two Grassmann derivatives 
to restore full superspace measure in (1A.6D and the remaining eight derivatives are neces- 
sary for applying the identity (12 . 18[) twice, 

3 



By 



a q , K'"W"'W" 

d*ed*x x d*x 2 *f 

V $<J>/ 



2(2tt) 



K"'- W"'W" 

d*9d 3 Pl d 3 p 2 



n + M 2 
1 



5 3 (x 1 - x 2 ) 



1 



M*) 4 pl-M 2 p 2 -M 2 ( Pl +p 2 ) 



M 2 



(A.7) 



Calculating the momentum integral within the dimensional regularization, 

d 3 p!d 3 p 2 11 1 r(e) 

(2vr) 6 pj -M 2 p 2 2 - M 2 (pi + p 2 ) 2 - M 2 ~ 32vr 2 M 2e ' 

1 



we get 



64tt 2 



d 7 z K ^W"'W"T(e) 



M 2e 



(A.8) 



(A.9) 



For computing (I2.3ip we need the variational derivative of the classical action (I2.26P 
and its conjugate. Integrating all the delta-functions in these vertices, we get 

(A.10) 



T B2 = -J d 5 zxd 5 Z4 W"'W"'Gl + (z 1} z 4 ) . 
Restoring full superspace measure and applying the identity (12 . 1 8f) we get 



b 2 



d z\d 7 z 2 



W'"W r 



(K",) 3 □ + M 2 



5 7 (zi - z 2 ) 



d 4 6d 3 x 1 d 3 x 2 



W"'W" 



D 2 D 2 S 7 (z 1 - z 2 ) 



□ + M 2 16 

3 



n + M 2 
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5 3 (x 1 - x 2 ) 



(A.11) 



Applying the momentum integral (1A.8|) . we obtain 

1 



b 2 



1927T 2 



W"'W"'T(e) 



(A.12) 



The part of the effective action f 1 2 . 3 2 1) involves the variational derivative of the classical 
action (12. 28ft and its conjugate. After integrating out all the delta-functions coming from 
the vertices, we get 



B 3 



J d' 'zxd' ' z 2 K'^ 2 (z 1 )K'^(z 2 )G ++ (zi, z 2 )G^ + (zi, z 2 )G — (zi,z 2 ) ■ (A.13) 



Taking into account the explicit form of the propagators (I2.25p . we apply the identity 
(I2.18P and the momentum integral flA.80 . 



b 3 



r W"W" 



l 3 



□ + M 2 



5 3 (x 1 - x 2 ) 



32tt 2 



W"W" T(e) 
** 211 * 2 * (K" -) 5 M 2e 



d 1 7 K'"- K'" 



(A.14) 



The expression (I2.33f) also involves the vertex (12. 28ft and its conjugate. After integrat- 
ing out the delta-functions in these vertices we get 

T B4 = -\J dh 1 d 7 z 2 K^ 2 (z 1 )K'^(z 2 )G + 4z u z 2 )G-4z u z 2 )G- + (z u z 2 ) . (A.15) 

The propagators here have three D 2 and three D 2 operators altogether. We can shrink 
down two D 2 D 2 pairs owing to the identity ( 12 . 1 8[) and the remaining D 2 D 2 operator 
generates the Dalembertian operator owing to ( 12.91) . As a result, we have 



K'"- K'' 



□ 



r B , = -'- i d i 6d 3 x 1 d 3 x 2 ** 2 * 2 * " 



{K"f n + M 2 



5 (xi - x 2 ) 



1 



n + M 2 



5 3 (xi - x 2/ 



M 2 M 2 T(e) 



The corresponding momentum integral reads 

f d 3 p t d 3 p 2 1 1 (pi + p 2 ) 2 

J (2tt) 6 pj -M 2 p\- M 2 (pi+p 2 ) 2 — M 2 ~16^2 ~f 32vr 2 M 2e ' 

As a result, we find 

i r ^ ,/v":". ,M"\i" i 



(A.16) 
(A.17) 



32tt 2 



d7 K'^K'^W"W" 



647T 2 



d7z K^K'^W"W"Y{e) 



{K'l \* 



M 2e 



(A.18) 



Finally, we point out that the expression (12.341) is complex conjugate to (12.301) 

1 



Tb 5 - (r^i} 



64vr 2 



W"W"'K>»^ r(e) 



(A.19) 
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The divergent and finite parts of these actions can be separated with the help of the 
identity 

^ = i- 7 -lnM 2 + 0(e), (A.20) 

where 7 is the Euler gamma constant. Summing up all obtained expressions ( 1A.5[) . 0A.9|) . 
flATT2|) . f lA~T4|) . f lA~T8|) and f lA~T9|) . we find the two-loop contribution to the effective 
Kahler potential, 



F (2) 
1 K 

Tdiv 



Tdiv + Tfin 
1 



647r 2 e 
1 



d 7 z 



W 



li\2 



1927r 2 e 
1 



d 7 z 



\W 



m\2 



(A.21) 



(A.22) 



fin 



32vr 2 



d'z 



w 



II \2 



1. . M 2 .^ 2 iy w iy" + ^^wiy w 

2 (7 + h V } 



M 2 X \W 



/in 2 



+ 7:(7 + In , , „ ... 

6 k {K^r 



+ (1 + -7 + - In 



M\K'"K>" 



W"\ 2 ' 



(A.23) 



A. 2 Two- loop chiral potential 

A. 2.1 Diagram a 

Consider the computation of the two-loop Feynman graph depicted at Fig. 2a with one 
quartic antichiral vertex and with one chiral vertex <fi 2 W" at each loop, 



r„ = — 



d 5 Zl d 5 z 2 d 5 z 3 W"(z 1 )W"(z 2 )W^(z 3 )G (z l , z 3 )G Q ( Zl , z 3 )G (z 2 , z 3 )G (z 2 , z 3 ) 



(A. 24) 

where the propagator Go is given in (I3.13p . From these propagators, we use two D 2 and 
one D 2 operators to restore full superspace measures and put another D 2 on the external 
lines, 

l2 W"{z x ) , W"(z 2 ) _ W(A) 



1 1 



32 16 2 



J d 7 z 1 d 7 z 2 d 7 z 3 (D 2 



1 ,D 2 D 2 ^, , 1 ni „D 2 D 2 



x^tf 7 ^ - z 3 



-5 7 (zi — z 3 )—5 7 (z 2 — z 3 )- 



5 7 (z 2 - z 3 ) . (A.25) 



We apply the identity (12.18!) twice and pass to the momentum space 

1 



— / d^e 

32 7 

1 

x ■ 



d s pd 3 hd 3 k 2 W"(p) ) W"(-p) w(i) 



(KM) 2 (Kd-p)) 



1 



kfih + P ) 2 k 2 {k 2 ~ P ) 2 

Computing the momentum integrals, 

d 3 k 



7T" 



k 2 { P +k) 2 \ P \ ' 
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(A.26) 



(A.27) 



and passing back to the coordinate space we find in the local limit, 

11 f , 7 W"W& D 2 W" 
a ~ ~ 32 64 J Z JKI^UW^ ■ (AJ8) 

Hence, the corresponding contribution to the effective chiral potential is 



5127 (K" * 



^ 7^ • (A.29) 



Note that is constant here and K'l^ is considered at $ = and therefore it is chiral. 
A. 2. 2 Diagram h\ 

In the diagram b\ the vertices "1" and "3" are chiral, "4" is the antichiral vertex and "2" 
is the vertex in the full superspace. Therefore, this diagram corresponds to the following 
expression 

r 6l = \ J d 5 z 1 d 7 z 2 d 5 z 3 dh 4 K'£ 2 ^z 2 )W%z 1 )W\z 3 )W'" 

xGo(zi, z 2 )Gq(zi, z 4 )G (z 3 , z 2 )G (z 3 , z 4 )G (z 2 , z 4 ) . (A.30) 

We use one D 2 and two D 2 operators from the propagators to restore the full superspace 
measure and integrate by parts another two D 2 operators, 

r 6l = -g^p fdh 1 ...dh 4 K^(z 2 )W'"L\z 1 -z 2 )L\z 3 -z 2 )-^8 7 (z 2 -z 4 ) 



; , ,'W"{ Zl ) D 2 D 2 - . A „ fW"(z 3 ) D 2 D 2 s7 . , 
XjD ,ts» 4 R * (*i " **) -D 7^7 ?5 i=i * (*3 - ^4) ■ (A.31) 



Using the delta-functions we integrate over the Grassmann variables Q\ and #3 and dis- 
tribute the .D-operators in the second line in ( 1A.31I) keeping only the terms containing no 
more than two derivatives D a on the external lines, 

If _ 1 1 

r&i = - 2 / d 3 x 1 d 7 z 2 d 3 x 3 d 7 z 4 K'^(z 2 )W'"— 5 3 (x 4 - x 2 ) — 5 3 (x 3 - x 2 ) 

x -^S 7 (z 2 - z 4 ) [Ti + T 2 + T 2 ] , (A.32) 
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where 

1 = V (if"-) 2 J ~TT~ ^ ^ ~ ^ ^ 2 ~ 4 ^ 

W"(x 3 A) 



--D 2 (5 3 (x 3 -x 4 )<5 4 (# 2 -#4)) 



t 2 = w l^ ^(8\ Xl - Xi )8\e 2 -e A )) 

V (if"-) 2 J ^ 3 ~ ~ ' 



T 3 = -4^° ( ) - S 3 (xi - x 2 )6\<h - fl 4 ) 



^ f W"(x 3 ,e 2 ) \ d lS D s D\ 3 , 4 

x v (^-) 2 J — ~ ~ ' 

We integrate by parts the operator D 2 in the first line of (IA.32I) and apply the identity 
( 12 .181) twice. Then we take another D 2 from the full measure which can hit only the 
external lines and pass to the momentum space, 

i r d 3 Pl d 3 P2 d 2 e w"( Pl ,6)w"( P2 , e)K^(- Pl - P2 , e)W" 

r 6l = - 2 J — ^ ^ S&un) , (A.34) 

where 

f d 3 k x d 3 k 2 p\k 2 + k\p\ - 2{p l p 2 ){k 1 k 2 ) + 2{p l k 2 ){p 2 k 1 ) - 2{p 1 k 1 ){p 2 k 2 ) 

d\\Pl,P2) 



(2tt) 6 k 2 k 2 ( Pl + h) 2 {p 2 + k 2 ) 2 (h + k 2 ) 2 

(A.35) 

We are interested in the local contributions to the effective action. To take the local limit 
we make the inverse Fourier transform for the superfields, 

1 f* a * * * w"(x 1 ,e)w"(x 2 ,e)K'^(x 3 ,e)w'" 



\ = -- \ d l ed A x x d A x 2 d s x z 

d P\d p 2 a f _ s j xipi ix 2 P2„-ix'i(pi+P2) 



- . S 1 (p 1 ,p 2 )e™ lPl e tx * p2 e- tX3 ^+P*) ; (A.36) 
{2ti)° 

and assume that the superfields vary slowly in the Minkowski space, 

W"(x h 9)W"(x 2 , 0)K'&z(x 3 , 9) ~ W"(x u 0)W"{x x , 9)K'^(xi, 6) . (A.37) 

The integration over d 3 x 2 and <i 3 x 3 in (1A.36j) yields two delta-functions, (27r) 3 5 3 (p 2 ) and 
(27i) 3 5 3 (pi +p 2 ). These delta-functions show that we need to compute the limit 

S 1= lim S 1 (p 1 ,p 2 ). (A.38) 

pi— >0,P2— >o 

However, in the Appendix IB. 2 1 we show that this limit does not exist, i.e., the value of 
Si depends essentially on the way of computing this limit. Hence, we conclude that the 
diagram b\ in Fig. 2 does not give any local contribution to the effective action in the 
chiral sector. 
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A. 2.3 Diagram b 2 

This diagram has the chiral vertices "1", "3" and the antichiral ones "4", "2". The 
corresponding analytic expression reads 

xGqOi, z 2 )G (z 3 , z 2 )G (z 3 , za)G (z 1 , z a )Gq(z u z 4 ) . (A.39) 
Restore the full superspace measures using the _D 2 -operators from the propagators, 

T b2 = -j^ 3 Jd 7 z l dh 2 dh 3 dh A W'%z 1 )(^D 2 KUz2))W%z 3 )W' , '^^S 7 (z 1 -z 2 ) 
D 2 D 2 1 D 2 D 2 D 2 D 2 

X K^ S <A> ~ Zl) K^ S <A ' ~ Zi) K^ S <Zl ~ Zi) K^ S <Zl ~ Zi) ' (A ' 40) 

<p(p $W $W $W 

Note that in the first line of this expression we have the operator D 2 on the external line 
K'^ 2 and, hence, all other terms with derivatives on the external lines can be neglected. 
This means that upon integration by parts the Grassmann derivatives do not hit the 
external lines. The operator D 2 D 2 on the delta- function 5 7 {z 3 — z 2 ) in the second line of 
(IA.40p can be transported to the delta functions S 7 (zi — z±) and then it produces the box 
operator owing to the identity ( 12. 9p . 

T b2 = -j^j ' d 7 z x d 7 z 2 d 7 z 3 d 7 z,W'\z^-D 2 K% 2 {z 2 ^ (A.41) 

1 1 1 / D 2 D 2 D 2 D 2 

x— 8 7 {zi - z 2 )—5 7 (z 3 - z 2 )—5 7 (z 3 - z 4 )D I 7 {z x - z 4 )—^-5 7 (z 1 - z 4 ) 

We integrate over all but one Grassmann variables and apply the identity (I2.18P twice, 

r fe = -- [ MM X3 S Xl w '"^- m^WW'U, W {AA2) 

x^5 3 (xi - x 2 )^5 3 (x 2 - x 3 )^5 3 (x 3 - x A )U (^ 3 (^i - x^)^ 3 ^ - x A ) 

In this expression we pass to the chiral subspace for the Grassmann variables and to the 
momentum representation for the Minkowski space coordinates, 

r 1 [ ,2 d 3 Pl d 3 p 2 W"'(-p 1 -p 2 ,9)Kl 2 ( Pl ,9)W"(p 2 ,9)W'" 
r fe = -r / d 9 * S 2 (p 1 ,p 2 ) , (A.43) 



2 J (2tt)° (K» 



where 

d 3 k\d 3 k 2 p\ 



5 2 (pi,p 2 ) J (2?r)6 ipi+p2 + ki)2ip2 + ki)2{ki + k2)2k 2- (A-44) 
In this function, the integration over k 2 can be done using ( IA.27j) . 

s ^ uP2) = I Wf (p l+ p 2+ m P2+ mk\ - (A - 45) 
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In principle, this momentum integral can be computed for general values of the external 
momenta, but we need to find the local limit to single out the contributions to the effective 
chiral potential. We make the inverse Fourier transform for the superfields in (1A.43j) . 
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~ f ftfa^ w "'^ e)Ki t; T" {X3 ' 6)w 

2 J [K t - 



d Pld P2 -ixi(pi+p2) Jx 2 pi Jx 3 p 2 



e^ Pl e lx ^S 2 { Pl ,p 2 ), (A.46) 



(2tt) 6 

and consider the slowly varying fields, 

W"'(x 1 ,9)K , i 2 (x 2 ,9)W"(x 3 ,e) ~ W'"(x 3 ,9)K'i, 2 (x 3 ,6)W"(x 3 ,6). (A.47) 

The integration over d 3 xi and d 3 x 2 yields two delta functions, (27r) 3 <5 3 (pi + p 2 ) and 
(2tt) 3 5 s (p 2 ). These delta-functions mean that we need to compute the limit 

lim S 2 ( PuP2 ). (A.48) 

pi— >0,p2— >-o 

In the Appendix IB . 1 1 we show that this limit does not exist, i.e., its value depend on the 
way of computing this limit. Hence, we conclude that the Feynman graph b 2 in Fig. 2 
does con contribute to the effective chiral potential. 

A. 2. 4 Diagram b 3 

This diagram has the vertex "1" in the full superspace, the vertices "2" and "4" in the 
chiral subspace while "3" and "5" are antichiral vertices. The corresponding expression 
reads 

T b3 = \ j ' d 1 z x d\ 2 d^z^z^z^Kl^{z 1 )W\z 2 )^ 

xG (z 2 , Z])Gq(z 2 , z 3 )G (z 4 , z 3 )G (z 4 , z 5 )G (z 1 , z 5 )G (z 1i z 5 ) . (A.49) 

As the first step, we restore the full superspace measure in flA.49j) by taking the Grassmann 
derivatives from the propagators, 

T b3 = ^ J d 7 z 1 d 7 z 2 d 7 z 3 d 7 z i d 7 zr J K'^(z 1 )W%z 2 )(±D 2 

X ^ 67(Z2 " Zl) Kl^ 67{Z2 " Z3) ^ 67(Z4 " Z3) Kl^ 67(Z4 ~ Z5) 

q>q> *P*P V$ V$ 

D 2 D 2 p7/ ,D 2 D 2 c7 , , lK s 

In the first line here we have the expression ^D 2 K'£ 2 which shows that we have sufficient 
number of Grassmann derivatives on the external lines to apply the identity (13.31) . Hence, 
upon integration by parts of the other Grassmann derivatives we can omit all the terms in 
which these derivatives hit the external lines. For instance, in the second line of (1A.50I) we 
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integrate by parts the derivatives D 2 D 2 acting on 5 7 (z4 — z 3 ) such that they hit S 7 (z2 — z\) 
and cancel one box operator, 



6 3 



xD 2 D 2 5 7 (z 2 - z 1 )^5 7 (z 2 - z 3 )±5 7 (z 4 - z 3 )^5 7 (z 4 - z 5 ) 

T) 2 d 2 n 2 n 2 
x^ r 5 7 (z 1 - Z5 )^ r 5 7 (z 1 - z 5 ) . (A.51) 

In a similar way we integrate by parts the derivatives D 2 D 2 in the second line of ( lA.Sip 
such that they hit the delta functions S 7 (zi — z 5 ) and yield one more box operator, 

r &3 = ~J d> 7 Zl d> 7 z 2 d> V ^^^O^^OC^i^^))^^)^^^ 

1 1 1 (D 2 D 2 D 2 D 2 

x— 5 7 (z l - z 2 )—S 7 (z 3 - z 2 )—S 7 (z 3 - z A )U ( —^-S 7 (z 1 - z^—^-S 7 ^ - z 4/ 

(A.52) 

Now we apply the identity (12. 18j) two times, integrate all but one Grassmann variables 
and pass to the momentum space for the Minkowski space coordinates, 

Z I M d3pid3p2 K '^~ Pl - P2 ' d ) w "(-Pi - ft. 0)K&(pi, 0)W"( P2 , 9)W 



(2vr) 6 {K'^Y 
xS 2 ( Pl ,p 2 ), (A.53) 

where the function S 2 (pi,p 2 ) is given by the momentum integral (1A.45|) . As is proved in 
the Appendix IB.lt this function does not have the local limit, (IB.12j) . Hence, we conclude 
that the diagram b 3 does not contribute to the effective chiral potential. 



B Momentum integrals 

B.l Local limit for the momentum integral (I A. 441 ) 

It is hard to compute the momentum integral ( 1A.44|) for arbitrary values of external 
momenta p\ and p 2 . In fact, we need only the local limit ( 1A.48j) for this integral. Our 
aim is to prove that this function S 2 (pi,p 2 ) does not possess well defined local limit and, 
hence, does not contribute to the effective chiral potential. 

We are going to demonstrate that the limit (1A.48|) depends essentially on the path 
tending to the origin of the (pi,p 2 ) space. Hence, choosing different ways of computing this 
limit, the expression (1A.48|) can be given an arbitrary value, including zero and infinity. 
In fact, it is sufficient to compute ( 1A.44I) for p 2 = tp\ = tp, with some real parameter t, 



and to show that the momentum integral ( 1A.44|) acquires different values for different t, 
with arbitrary small p. 

Let us represent (1A.44j) as 



S 2 {pi,p 2 ) = plS(pi,p 2 ) , (B.l) 
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where 

d 3 k\d 3 k 



S( P i,p 2 ) j (27r)6 {pi+p2 + ki)2{p2 + ki)2{ki + k2)2k 2- (B.2) 
Using (I A . 2 7|) we integrate over k 2 , 

s(puP2) = I (t) 3 (pi +P2 + m P2 + w\k\ ' (R3) 

Introducing the Feynman parameters we merge together the propagators, 



A J (47r) 3 y v^y K [aP + /3(p 1 +p 2 + A;) 2 + (l-a-/3)(p 2 + fc) 2 ] 5 /2 
3 /- 1 da f 1 - Ja f d 3 k 1 m 

where 

P = k 2 + 2k{/3{ Pl +p 2 ) + {l-a- Pfa) + (3( Pl + P2 f + (1 - a - (3)pj . (B.5) 
Using the general formula [32J 

d 3 k _m 3 / 2 (-l)-I>-3/2) 



(k 2 + 2k ■ Q - M 2 ) a T(a)(M 2 + Q 2 ) a ~ 3 / 2 ' 

we compute the integral over momenta, 

1 dot r^~ a j 

S(Pi,J*) = / 7^ / - i)p2 + a (a - l)p 2 - 2«/3( Pl ■ p 2 ) ' (R7) 

The integration over /3 can de done readily, 

M - 1/2 + aY + a M - 1/2 - a7 



S{PuP2) = ^pll 



M + 1/2 — aY — a M + 1/2 + aY 



(B.8) 



where 



X = 4, Y = (Pl ? 2) , M = vTi/2 + «y) 2 + a(l - a)X. (B.9) 
Pi Pi 

The integral over the remaining parameter a is very complicated. To simplify this, 
we consider the collinear momenta, p 2 = tp± = tp. In this case X = t 2 , Y = t, M 2 = 
\ + at(t + 1), and the integral (IB. 81) simplifies, 

„ , s 1 /" <+1/2 rf M i M — 1/2 

S 2 (p,tp) = / In '—. B.10 

V ; 327r 2 v/t(t + l) A/2 v/M-l/2v/M + l/2 M + l/2 V ; 

The value of this integral can be expressed in terms of the Euler di-logarithm function, 



S 2 (t) = S 2 (p,tp) 



167T 2 ^t(t+l) 



_. VTTt-Vt j . / vT+I-v^N vr 2 
Li 2 — — = — Li 2 , = 

(B.11) 
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The function S2 (t) is well defined for < t < 00. Here we see that all momenta can- 
celled out and the remaining function depends only on the parameter t which relates the 
momenta. Hence, the value of S2{p,tp) remains the same for arbitrary small momenta, 
p — > 0, but depends essentially on t. As a result, along the path p 2 = tp\ the limit f!A.48j) 
depends essentially on the parameter t and it can take arbitrary value allowed for the 
function (IB. lip . This proves that 



lim S 2 (pi,P2) does not exist . 

B.2 Local limit for the momentum integral (IA.35j ) 

Similarly as in the previous subsection we are going to prove that 

lim SxipiiPi) does not exist . 

pi— >0,P2~ >0 



(B.12) 



(B.13) 



To show this it is sufficient to compute (IA.35|) for collinear momenta, p\ = tp 2 = tp for 
which it simplifies, 



Si(tp,p) = p 2 
where 

h 

h 
h 



d 3 kid 3 k 2 



t 2 k 2 + k\ — 2t{k l k 2 ) 



(2vr) 6 k\k\{tp + k x ) 2 {p + k 2 ) 2 {h + k 2 ) 2 
d z kid z k2 



h + h + h 



P H(t + i) J 
P 2 (t + i) 



1 



-tp 2 



(2tt) 6 k 2 (tp + k 1 ) 2 (p+ k 2 ) 2 (h + k2) 2 
d 3 hd 3 k2 1 
(2vr)6 k\{tp + k x ) 2 {p + k 2 ) 2 {k l + k 2 ) 2 ' 
d 3 hd 3 k 2 1 



(2tt)6 k 2 k 2 {tp + k 1 ) 2 {p + k 2 ) 2 
It is easy to see that the last integral is just a constant, 



/3 -"64' 



(B.14) 

(B.15) 
(B.16) 
(B.17) 

(B.18) 



where ( 1A.27I) has been used. For the remaining two integrals, the integration over one of 
the momenta can be done readily, 



h(t) 



ph{t 



P 2 (t + i) 



d 3 k 



1 



(4tt) 3 \k\{p + k) 2 {k + p{t+ l)) 2 ' 
d 3 k 1 



(4tt) 3 \k\(tp + k) 2 (k + p(t + l)) 2 
This integrals can be calculated using ( 1B.8[) and ( IB. 1 lh . 

Vl + t-Vi 



h{l/t) 



h 
h 



t(t+V 

167T 2 



Ll 2 . : ■= - Ll 2 



yt + T 

16n 2 t 



VTTt + Vi 

Li 2 



vTTt + Vt 



71 
"I 
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. VT+t - 1 
Li 2 



vm+i 



yT+I- 1 
vTTt + l 



7T 

T 



(B.19) 
(B.20) 

(B.21) 
(B.22) 
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As a result, the value of the integral f ]B.14j) is given by the sum of f ]B.18j) . (1B.21j) and 
( 1B.22|) . It depends only on the parameter t rather than on the momentum p. Hence, its 
value remains the same for arbitrary small momentum p, but it changes upon varying the 
parameter t. This proves (IB. 13[) . 
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